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/-- x + 0 -/
def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

   %0 = const 0 : () -> int

   %1 = add (%x, %0) : (int, int) -> int

  return (%1) : (int) -> () 

}]

/-- x -/
def rhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

    %0 = const 0 : () -> int

    %1 = add (%x, %0) : (int, int) -> int

   return (%x) : (int) -> () 

}]

def p1 : PeepholeRewrite Op [.int] .int := {

      lhs := lhs,

      rhs := rhs,

      correct := by

        rw [lhs, rhs]; funext Γv; simp_peephole [add, cst] at Γv 
        /- ⊢ ∀ (a : BitVec 32), a + BitVec.ofInt 32 0 = a -/

        intros a; simp_alive /- goals accomplished 🎉 -/

}
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Wait, What About Alive?

define i32 @src(i32) {
  %r = udiv i32 %0, 8192
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}
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Wait, What About Alive?

define i32 @src(i32) {
  %r = udiv i32 %0, 8192
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}

Transformation seems to be correct!
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Wait, What About Alive?

define i32 @src(i32) {
  %r = udiv i32 %0, 1
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}
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Alive is Awesome!

define i32 @src(i32) {
  %r = udiv i32 %0, 1
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}

Transformation doesn't verify!

ERROR: Value mismatch

Example:
i32 %#0 = #x00000001 (1)

Source:
i32 %r = #x00000001 (1)

Target:
i32 %r = #x00000000 (0)
Source value: #x00000001 (1)
Target value: #x00000000 (0)
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Alive is Awesome! What about MLIR?



Alive is Awesome! How does it work?

define i32 @src(i32) {
  %r = udiv i32 %0, 8192
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}
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Alive is Awesome! How does it work?

define i32 @src(i32) {
  %r = udiv i32 %0, 1
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}

(set-logic QF_UFBV)

(define-fun src
  ((x (_ BitVec 32)))
  (_ BitVec 32)
  (bvudiv x (_ bv32 1)))

(define-fun tgt
  ((x (_ BitVec 32)))
  (_ BitVec 32)
  (bvlshr x (_ bv32 32)))
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Alive is Awesome! How does it work?

define i32 @src(i32) {
  %r = udiv i32 %0, 1
  ret i32 %r
}

define i32 @tgt(i32) {
  %r = lshr i32 %0, 13
  ret i32 %r
}

(set-logic QF_UFBV)

(define-fun src
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  (_ BitVec 32)
  (bvudiv x (_ bv32 1)))

(define-fun tgt
  ((x (_ BitVec 32)))
  (_ BitVec 32)
  (bvlshr x (_ bv32 32)))

🧞Z3
✅
❌

"does src equal tgt for all inputs?"
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Alive is Awesome! How does it work?

define i32 @src(i32) {
  %r = udiv i32 %0, 8192
  ret i32 %r
}

define i32 @tgt(i32) {
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"does src equal tgt for all inputs?"

LLVM SMT-LIBAlive
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Alive is Awesome! What about MLIR?

Alive
LLVM SMT-LIB 🧞Z3

✅
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Alive is Awesome! What about MLIR?
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Need very clever encodings of concepts into SMT-LIB :(  
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Alive is Awesome! What about MLIR?



27

A Three Minute Detour Into Lean
def max (a b : Nat) : Nat :=

 if a > b then a else b
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A Three Minute Detour Into Lean
def max (a b : Nat) : Nat :=

 if a > b then a else b

#eval max 3 4     /- = 4 -/

theorem max_commutative (a b : Nat) : max a b = max b a

Three cases:
1. If a < b, then we know that (max a b) will take the else branch, and (max b a) will take 
the then branch, returning the value b in both cases.
1. if a = b, then we are done immediately, since left and right hand side become identical.
3. If a > b, then proof is same as (a > b) case.
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A Three Minute Detour Into Lean
def max (a b : Nat) : Nat :=

 if a > b then a else b

#eval max 3 4     /- = 4 -/

theorem max_commutative (a b : Nat) : max a b = max b a := by

 simp [max]

 by_cases h : b < a

 · simp [h]

   have h₁ : ¬ (a < b) := by omega

   simp [h₁]

 · simp [h]

   by_cases h₁ : a = b

   · simp [h₁]

   · have h₂ : a < b := by omega

     simp [h₂]
✅
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Alive is Awesome! What about MLIR?
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Alive is Awesome! What about MLIR?

variable (q t : Nat) [Fact (q > 1)] (n : Nat)

noncomputable def f : (ZMod q)[X] := X^(2^n) + 1

abbrev R := (ZMod q)[X] ⧸ (Ideal.span {f q n})
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Alive is Awesome! What about MLIR?

variable (q t : Nat) [Fact (q > 1)] (n : Nat)

noncomputable def f : (ZMod q)[X] := X^(2^n) + 1

abbrev R := (ZMod q)[X] ⧸ (Ideal.span {f q n})

/-  `x^(2^n) + a = a`, since we quotient the polynomial ring with x^(2^n) -/

open MLIR AST in

noncomputable def p1 : PeepholeRewrite (FHE q n) [.polynomialLike] 

.polynomialLike :=

 { lhs := a_plus_generator_eq_a,

   rhs := rhs,

   correct := by

    ... 

    have hgenerator :

       f q n - (1 : Polynomial (ZMod q)) =

         (Polynomial.monomial (R := ZMod q) (2^n : Nat) 1)  := by

           simp [f, Polynomial.X_pow_eq_monomial]

     rw [← hgenerator]

     have add_congr_quotient :

         ((Ideal.Quotient.mk (Ideal.span {f q n})) (f q n - 1) + 1)  =

           ((Ideal.Quotient.mk (Ideal.span {f q n})) (f q n )) := by

       simp

     rw [add_congr_quotient]

     apply Poly.add_f_eq

   }
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Z3

Completeness

Automation

Lean
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Z3

Completeness

Automation

Lean

Lean
MLIR?
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Z3

Completeness

Automation Lean
MLIR

Replicate Alive-style tactics

Lean

Streamline
manual proof
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Z3

Completeness

Automation

Lean
MLIR Lean
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Z3

Completeness

Automation Lean
MLIR

Replicate Alive-style tactics

Lean

Streamline
manual proof



Lean-MLIR: Goals

Evolving Semantics with MLIR 💙
Peephole Verification 💡
 - Make easy things trivial
 - Make hard things possible
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Lean-MLIR: The Alive Experience™ for MLIR

Defining a Dialect in Lean-MLIR 

The Poly IR: Why Mathlib 

Verifying Peephole Optimizations from LLVM 
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int :=
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0: () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]

45



The Alive Experience in Lean-MLIR
/-- x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = "const"() {value = 0 : int} : () -> int

 %1 = "add"(%x, %0) : (int, int) -> int

 "return"(%1) : (int) -> () 

}]

Custom syntax extension for MLIR; Copy-paste MLIR programs!
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]

/-- %y = %x -/

def rhs : Com Op [.int] .int := 

[mlir_icom| {

 ^bb0(%x: int):

 return (%x) : (int) -> () 

}]
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int
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}]

/-- %y = %x -/

def rhs : Com Op [.int] .int := 

[mlir_icom| {

 ^bb0(%x: int):

 return (%x) : (int) -> () 
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]

/-- %y = %x -/

def rhs : Com Op [.int] .int := 

[mlir_icom| {

 ^bb0(%x: int):

 return (%x) : (int) -> () 

}]

def p1 : PeepholeRewrite Op [.int] .int :=

  { lhs := lhs, rhs := rhs, correct :=

    by
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The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]

/-- %y = %x -/

def rhs : Com Op [.int] .int := 

[mlir_icom| {

 ^bb0(%x: int):

 return (%x) : (int) -> () 

}]

def p1 : PeepholeRewrite Op [.int] .int :=

  { lhs := lhs, rhs := rhs, correct :=

    by

      rw [lhs, rhs]

      funext Γv
      simp_peephole [add, cst] at Γv
      /- ⊢ ∀ (a : BitVec 32), 

         a + BitVec.ofInt 32 0 = a -/

51

Eliminate SSA-boilerplate



The Alive Experience in Lean-MLIR
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]

/-- %y = %x -/

def rhs : Com Op [.int] .int := 

[mlir_icom| {

 ^bb0(%x: int):

 return (%x) : (int) -> () 

}]

def p1 : PeepholeRewrite Op [.int] .int :=

  { lhs := lhs, rhs := rhs, correct :=

    by

      rw [lhs, rhs]

      funext Γv
      simp_peephole [add, cst] at Γv
      /- ⊢ ∀ (a : BitVec 32), 

         a + BitVec.ofInt 32 0 = a -/

      intros a

      simp_alive 

      /- goals accomplished 🎉 -/

    }

Eliminate SSA-boilerplate

Try proof-hammer
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Playground Link @ lean-mlir.grosser.es

https://lean-mlir.grosser.es/#codez=
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Generic Width
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Playground Link @ lean-mlir.grosser.es

https://lean-mlir.grosser.es/#codez=


Proof Automation for Push Button Verification*
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💖 Lean FRO, mathlib community!
Special thanks to Henrik & Kim. 



Fully Homomorphic Encryption: Complex Proofs
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variable (q t : Nat) [Fact (q > 1)] (n : Nat)

noncomputable def f : (ZMod q)[X] := X^(2^n) + 1

abbrev R := (ZMod q)[X] ⧸ (Ideal.span {f q n})



Mathlib: The World's Largest Formal Math Repo
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https://eric-wieser.github.io/mathlib-import-graph/

>1million LoC



Fully Homomorphic Encryption: Complex Proofs
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variable (q t : Nat) [Fact (q > 1)] (n : Nat)

noncomputable def f : (ZMod q)[X] := X^(2^n) + 1

abbrev R := (ZMod q)[X] ⧸ (Ideal.span {f q n})



Fully Homomorphic Encryption: Complex Proofs
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variable (q t : Nat) [Fact (q > 1)] (n : Nat)

noncomputable def f : (ZMod q)[X] := X^(2^n) + 1

abbrev R := (ZMod q)[X] ⧸ (Ideal.span {f q n})

/-  `x^(2^n) + a = a`, since we quotient the polynomial ring with x^(2^n) -/

open MLIR AST in

noncomputable def p1 : PeepholeRewrite (FHE q n) [.polynomialLike] 

.polynomialLike :=

 { lhs := a_plus_generator_eq_a,

   rhs := rhs,

   correct := by

    ... 

    have hgenerator :

       f q n - (1 : Polynomial (ZMod q)) =

         (Polynomial.monomial (R := ZMod q) (2^n : Nat) 1)  := by

           simp [f, Polynomial.X_pow_eq_monomial]

     rw [← hgenerator]

     have add_congr_quotient :

         ((Ideal.Quotient.mk (Ideal.span {f q n})) (f q n - 1) + 1)  =

           ((Ideal.Quotient.mk (Ideal.span {f q n})) (f q n )) := by

       simp

     rw [add_congr_quotient]

     apply Poly.add_f_eq

   }



Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature
instance : TyDenote Ty where

  toType  -- Ty -> Type

    | .int => BitVec 32

instance : OpSignature Op Ty where

  signature -- Op -> Signature

    | .const _ => ⟨[], .int⟩
    | .add   => ⟨[.int, .int], .int⟩
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature
instance : TyDenote Ty where
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instance : OpSignature Op Ty where

  signature -- Op -> Signature
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Lean-MLIR: Declaring an IR
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| int
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| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature
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    | .add   => ⟨[.int, .int], .int⟩

72



Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature
instance : TyDenote Ty where

  toType  -- Ty -> Type

    | .int => BitVec 32

instance : OpSignature Op Ty where

  signature -- Op -> Signature

    | .const _ => ⟨[], .int⟩
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature
instance : TyDenote Ty where

  toType  -- Ty -> Type

    | .int => BitVec 32

instance : OpSignature Op Ty where

  signature -- Op -> Signature

    | .const _ => ⟨[], .int⟩
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b

declare operation  semantics

instance : TyDenote Ty where

  toType  -- Ty -> Type

    | .int => BitVec 32

instance : OpSignature Op Ty where

  signature -- Op -> Signature

    | .const _ => ⟨[], .int⟩
    | .add   => ⟨[.int, .int], .int⟩
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where
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    | .add   => ⟨[.int, .int], .int⟩
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inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where
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inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b
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  signature -- Op -> Signature
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    | .add   => ⟨[.int, .int], .int⟩
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy
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Lean-MLIR: Declaring an IR

inductive Ty

| int

inductive Op : Type

| add : Op

| const : (val : ℤ) → Op

declare types declare operations

declare type semantics declare operation signature

instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b

declare operation  semantics

instance : TyDenote Ty where

  toType  -- Ty -> Type

    | .int => BitVec 32

instance : OpSignature Op Ty where

  signature -- Op -> Signature

    | .const _ => ⟨[], .int⟩
    | .add   => ⟨[.int, .int], .int⟩
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Lean-MLIR: Where The Semantics Gets Used
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]
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instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b

declare operation  semantics
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/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {
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instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b

declare operation  semantics



Lean-MLIR: Where The Semantics Gets Used
/-- %y = %x + 0 -/

def lhs : Com Op [.int] .int := [mlir_icom| {

 ^bb0(%x: int):

 %0 = const 0 : () -> int

 %1 = add (%x, %0) : (int, int) -> int

 return (%1) : (int) -> () 

}]
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instance : OpDenote Op Ty where

 denote -- (o : Op) -> denote (signature o).args -> denote o.retTy

   | .const n, [] => BitVec.ofInt 32 n

   | .add, [(a : BitVec 32), (b : BitVec 32)]ₕ => a + b

declare operation  semantics

We need the semantics!
Please give us semantics 💛
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Formally Verifying Peephole Optimizations for MLIR!

def p1 : PeepholeRewrite Op [.int] .int := {

  lhs := lhs,

  rhs := rhs,

  correct := by

   rw [lhs, rhs]; funext Γv;
   simp_peephole [add, cst] at Γv 
   /- ⊢ ∀ (a : BitVec 32), a + BitVec.ofInt 32 0 = a -/

   intros a; simp_alive /- goals accomplished 🎉 -/

}

Evolving Semantics with MLIR 💙

Peephole Proofs 💡
Ease-of-use  💙

github.com/opencompl/lean-mlir

http://github.com/opencompl/lean-mlir


UB versus Poison
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Why Do We Trust Our LLVM Semantics?

- We model both UB and poison as poison. (details in paper)
- overapprox. on purpose, has taken experts years; out of scope.
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Why Do We Trust Our LLVM Semantics?

- We model both UB and poison as poison. (details in paper)
- overapprox. on purpose, has taken experts years; out of scope.
- check correctness of semantics via cosim runs
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Alive Style Workflow for LLVM IR

∀ w, BitVec w

(c ||| b) &&& a ||| c = c ||| a &&& b   →   extensionality 
(c + b) * a = c * a + b * a →   ring
(c &&& b ^^^ b) + 1 + a = a - (c ||| ~~~b) →   automata

BitVec 64

(c ||| b) &&& a ||| c = c ||| a &&& b   →   LeanSAT
(c + b) * a = c * a + b * a →   LeanSAT
(c &&& b ^^^ b) + 1 + a = a - (c ||| ~~~b) →   LeanSAT

91



Proof Automation for Push Button Verification*
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Manual Proofs for Complex Transformations
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API Coverage for Manual Proof Writing
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Extras: Metatheoretic reasoning (CSE, DCE)

def cse [DecidableEq d.Ty] [DecidableEq d.Op]

 {α : d.Ty} {Γ : Ctxt d.Ty} (com: Com d Γ .pure α) :

 { com' : Com Op Γ α // com.denote = com'.denote }

def dce {Γ : Ctxt d.Ty} {t : d.Ty} (com : Com d Γ .pure t) :

 Σ (Γ' : Ctxt Ty) (hom : Ctxt.Hom Γ' Γ),

   { com' : Com Op Γ' t //  com.denote = com'.denote ∘ Valuation.comap hom }
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Playground @ lean-mlir.grosser.es

https://lean-mlir.grosser.es/#url=https%3A%2F%2Flean-mlir.grosser.es%2Fapi%2Fexamples%2Flean-mlir%2F.lake%2Fpackages%2FSSA%2FSSA%2FProjects%2FInstCombine%2FPaperExamples.lean

