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Array Programming Is Productive
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Array Programming Is Productive
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Arrays Are Fast

* Huge investments
* Cache Blocking and Tiling
* Loop unrolling
* Vectorization
* Multicore Parallelization
* Communication-avoiding algorithms

e Often at 70-90 % of peak!
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Roofline: an insightful visual performance model for multicore
architectures.



Arrays Are The Oldest Abstraction...

FORTRAN had Multidimensional GEMM
arrays |n 1957 E Form C := alpha*A*B + beta*C.

DO 99 J = 1,N
IF (BETA.EQ.ZERO) THEN
DO 50 I = 1,M

C(I,J) = ZERO
50 CONTINUE
ELSE IF (BETA.NE.ONE) THEN
DO 60 I = 1,M
C(I,J) = BETA*C(I,J)
60 CONTINUE
END IF
DO 80 L = 1,K
TEMP = ALPHA*B(L,J)

H-hHHHRHHHE

DO 70 I = 1,M
IIINIINIINIINIINIINI— C(I,J) = C(I,J) + TEMP*A(I,L)
70 CONTINUE

Vector Matrix 3-tensor % o

real :: X(14) real :: T(S’ 13, 11) https://www.netlib.org/blas/# reference_blas_version_3 11 0

integer, dimension(16, 14) :: A



... And Arrays Haven't Changed Much Since

FORTRAN had Multidimensional GEMM
arrays |n 1957 E Form C := alpha*A*B + beta*C.

DO 90 J = 1,N
IF (BETA.EQ.ZERO) THEN
DO 50 I = 1,M
C(I,J) = ZERO
50 CONTINUE
ELSE IF (BETA.NE.ONE) THEN
DO 60 I = 1,M
C(I,J) = BETA*C(I,J)
60 CONTINUE
END IF
DO 80 L = 1,K
TEMP = ALPHA*B(L,J)

H-hHHHRHHHE

DO 70 I = 1,M
IIINIINIINIINIINIINI— C(I,J) = C(I,J) + TEMP*A(I,L)
70 CONTINUE

Vector Matrix 3-tensor % o

real :: X(14) real :: T(S’ 13, 11) https://www.netlib.org/blas/# reference_blas_version_3 11 0

integer, dimension(16, 14) :: A



Arrays Are

GEMM

* Multi-dimensional e e e

DO 90 J = 1,N
IF (BETA.EQ.ZERO) THEN

* Rectilinear s it

50 CONTINUE
ELSE IF (BETA.NE.ONE) THEN
DO 60 I = 1,M
C(I,J) = BETA*C(I,J)

@ 60 CONTINUE
END IF

DO 80 L = 1,K
TEMP = ALPHA*B(L,J)
DO 70 I = 1,M
C(I,]) = C(I,J) + TEMP*A(I,L)

* Integer grid T e

90 CONTINUE

Of points

https://www.netlib.org/blas/# reference_blas_version 3 11 0
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The World Is Not Dense

Scientific Computing
LDA

dgemm( TRANSA, TRANSB
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The World Is Not Dense

Scientific Computing
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lmage Processing

The World Is Not Dense
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The World Is Not Dense

Scientific Computing

Image Processing
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For Example, Sparse Tensors Are Everywhere

Data Analytics
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For Example, Sparse Tensors Are Everywhere

Data Analytics Machine Learning Science and Engineering
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For Example, Sparse Tensors Are Everywhere
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Dense Tensors Are Flexible But Can Waste Memory
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Dense Tensors Are Flexible But Can Waste Memory

o1 @ s
0 | A B
locate(1,2) = 1*%4 + 2
. O C|D|E
2 =
A B C E =

10



Sparse Tensors Can Be Compressed By Adding Metadata
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Sparse Tensors Can Be Compressed By Adding Metadata

0 )3
0 | A B
row(3) = 777
l C|D|E
col(3) = 777
2 F
A B C E F
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Sparse Tensors Can Be Compressed By Adding Metadata

Coordinate 0 ) 3

0| A B
rows O 0 1 1 12 | clplE
z F

cols 0 1 2 1 2 3 3
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Sparse Tensors Can Be Compressed By Adding Metadata

Coordinate 0 | 3

0 | A B
rons| O | O 1 1 | 2 |I| clplE
cols 0 | 2 | 1 3 3 ; i
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Sparse Tensors Can Be Compressed By Adding Metadata

Coordinate 0 ) 3
}plicates
0| A B
rows| O O 1T |1 1|2 | clplE
2 =

cols 0 1 2 1 2 3 3

11



Sparse Tensors Can Be Compressed By Adding Metadata

Compressed Sparse Rows (CSR) 0 ) 3

0
pos| O | 2 5 | 06

| \ 2 F
cols|_(|) 2L|1 2 | 3|3

11



Complexity Of Sparse Tensors & Code

AZ.] — Z szkck for (int 1 = 0; 1 <m; i++) o
el

for (int j = 0; j < n; j++) {
dense dense int pB2 = ixn + j;

int pA2 = ikn + j;

double t = 0.0;

for (int k = 03 k < 03 k++) {
int pB3 = pB2xo + k;
t += B[pB3] * clk];

¥

A[pA2] = t;

12



Complexity Of Sparse Tensors & Code
A = BiikCr
5T

CSF dense

> oo
g NN

for (int pA = 0; pA < mxn; pA++) {
Al[pA] = 0.0;
I3
for (int pBl = Bl_pos[@]; pBl < Bl_pos[1]; pBl++) {
int 1 = B1_crd[pB1];
for (int pB2 = B2_pos[pBl1l]; pB2 < B2_pos[pBl+1]; pB2++) {
int j = B2_crd[pB2];
int pA2 = ikn + j;
double t = 0.0;
for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2+1]; pB3++) 1
int k = B3_crd[pB3];
t += B[pB3] x clkl];
I3
A[pA2] = t;

12



Complexity Of Sparse Tensors & Code

for (int pA = 0; pA < mxn; pA++) {

Aij = ZBijkck

3

CSF compressed

0
0
A

00 N | N

Al[pA] = 0.0;

I3

for (int pBl = B1_pos|[0]
int 1 = B1_crd[pB1];

; pBl < Bl _pos[1]; pBl++) {

for (int pB2 = B2_pos[pBl1l]; pB2 < B2 pos[pBl+1]; pB2++) {

int j = B2_crd[pB2];
int pA2 = ixn + j;
double t = 0.0;

int pB3 = B3_pos[pB2];

int pcl = cl_pos(0];

while (pB3 < B3_pos[pB2+1] && pcl < cl1_pos[1]) {

int kB
int KcC

B3 crd[pB3];
cl crd[pcll];

int k = min(kB, kc);

if (kB == k && Kkc

== ){

t += B[pB3] * clpcll;

L

pB3 += (int) (kB == k);
pcl += (int) (kc == k);

I3
A[pA2] = t;
I3
I3

12



Complexity Of Sparse Tensors & Code

while (Bl_pos < B1l_pos[iB + 1]) {

int iB = 0; int jB@ = Bl_crd[B1_pos];
int Co_pos = C0_posle]; int Al_pos@ = (iB x Al_size) + jBO;
while (C@_pos < C@_pos[1]) { for (int B2_posl = B2_pos[B1_pos];
int iC = C@_crd[Co_pos]; B2_posl < B2_pos[Bl_pos + 1]; B2_posl++) {
;?t(cg_endig)CO_pos + 1 int kB2 = B2_crd[B2_posl];
— 1T (1l == , int A2_pos4 = (Al_pos@ * A2_size) + kB2;
o o o o o o while ((C@_end < CO_pos[1]) && (CO_crd[CO_end] == iB)) { A[A2 p624] = B[Bz_gosl]; B
fl/] 7/] IL] ) Co_end++; y - _
Bl ++;
if (iC == iB) { _ o
;nt E%_pos = E%_pOS[lB]: while (Cl_pos < C0_end) {
in _pos = C@_pos; . int jCO = Cl_crd[C1_pos];
while ((Bl_pos < Bl_pos[iB + 1]) && (C1_pos < Co_end)) { int %1 posl = (iB *_21 size) + jCO;
int jB = Bl_crd[BI_pos]; int Cl_end® = C1l_pos + 1;
int jC = C1_crd[C1l_pos]; while ((C1l_end® < CO_end) && (Cl_crd[Cl_end@] == jCO)) {
int j = min(jB, jC); _ _ Cl_end0++;
int Al_pos = (iB * Al_size) + j; r
int C1_end = C1_pos + 1; for (int C2_posl = C1_pos; C2_posl < C1_end0; C2_posl++) {
CSF (;OO if (jC == §) , int kC2 = C2_crd[C2_posll;
while ((Cl_end < C@_end) && (Cl_CI"d [Cl_end] == )) { int A2_p055 = (Al_posl * Az_size) + kcz;
, C1l_end++; A[A2_pos5] = C[C2_pos1];
. . . . . ¥
if ((jB == j) && (jC == j)) { C1_pos = C1_endo;
int B2_pos = B2_pos[B1_posl; Y B
int C2_pos = Cl_pos; } else {
while ((B2_pos < B2_pos[Bl_pos + 1]1) && (C2_pos < Cl_end)) { for (int B1l_pos@ = B1_pos[iBl;
int kB = B2_crd[B2_pos]; B1_pos® < Bl_pos[iB + 1]; B1l_pos@++) {
int kC = C2_crd[C2_pos]; int jB1 = Bl_crd[B1_pos@];
int k = min(kB, kC); _ int Al_pos2 = (iB *x Al_size) + jB1;
int A2_pos = (Al_pos * A2_size) + k; for (int B2_pos2 = B2_pos[B1_pos0];
if ((kB == k) && (kC == k)) { B2_pos2 < B2_pos[B1_pos@ + 1]; B2_pos2++) {
A[A2_pos] = B[B2_pos] + CI[C2_pos]; int kB3 = B2_crd[B2_pos2];
} else if (kB == k) { int A2_pos6 = (A1_pos2 * A2_size) + kB3;
A[A2_pos] = B[B2_pos]; A[A2_pos6] = B[B2_pos2];
} else { b
A[A2_pos] = C[C2_pos]; }
. ¥
if (kB == k) B2_pos++; if (iC == iB) C@_pos = C0_end;
if (kC == k) C2_pos++; iB++:
} } '
while (B2_pos < B2_pos[Bl_pos + 1]) { while (iB < B@_size) {
int kB@ = B2_crd[B2_pos]; for (int Bl_posl = B1l_pos[iBI;
int A2_pos@ = (Al_pos * A2_size) + kBO; B1 posl < Bl _pos[iB + 11; Bl _posl++) {
A[A2_pos@] = B[B2_posl; int jB2 = Bl_crd[B1l_posl];
B2_pos++; int Al_pos3 = (iB x Al_size) + jB2;
P for (int B2_pos3 = B2_pos[Bl_posl];
while (C2_pos < C1l_end) { B2_pos3 < B2_pos([Bl_posl + 1]; B2_pos3++) {
int kC@ = C2_crd[C2_pos]; int kB4 = B2_crd[B2_pos3];
int A2_posl = (Al_pos x A2_size) + kCO; int A2_pos7 = (Al_pos3 * A2_size) + kB4;
A[A2_posl] = C[C2_pos]; A[A2_pos7] = BI[B2_pos3];
C2_pos++; }
} ¥
} else if (jB == j) { iB++;
for (int B2_pos® = B2_pos[B1_pos]; }

B2_pos® < B2_pos[Bl_pos + 1]; B2_pos@++) {
int kB1 = B2_crd[B2_pos@];
int A2_pos2 = (Al_pos * A2_size) + kB1;

A[A2_pos2] = B[B2_pos0];

} else {
for (int C2_pos@ = Cl_pos; C2_pos@ < Cl_end; C2_pos0++) {
int kC1 = C2_crd[C2_pos@];
int A2_pos3 = (Al_pos * A2_size) + kC1;
A[A2_pos3] = C[C2_pos0];

> ol o
g NN

if (jB == j) Bl_pos++;
if (jC == j) Cl_pos = Cl_end;
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Ignoring Sparsity Is Throwing Away Performance
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e X XY X /Z % (time)

« 8K x 8K x 8k

» But only 300,000 points

* Data density 0.00005859%
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Example: Sparsity In Lidar Data

» But only 300,000 points
* Data density 0.00005859%
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Sparsity Is Currently Addressed One-Problem-At-A-Time

a = Bc
a=Bc+a

o=Be+b A=BHTC 4—aBc+ fa
.- pgT, A=abB a = B(c+ d)
0= BTctd A=B+C+D A— BC
A—BoC a=bo0cA=0 A=Bo (CD)
A=BCd A=B'" a=DB"Be
a=b+c A=B K=ATCA

A = ZBMCUDM Apj = Zszzng .
ZszlCszkj Ay = Z Biinc
Aiji = ZszlClg A = ZBWCJ
Ajr = ZBz'jkCi ijl = ZB@MC@
| T=) zi(kz 20i5) (> zkbir)

C = ZMiijlek Py J g
17kl
a — Z MiijkMklleMnmPnoMpo Pip

17 klmnop
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A—BoC a=b0cA=0 A=Be (CD)
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Linear Algebra
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a = Bc
a=Bc+a

o=Be+b A=BHTC 4—aBc+ fa
.- pgT, A=abB a = B(c+ d)
0= BTctd A=B+C+D A— BC
A—BoC a=bo0cA=0 A=Bo (CD)
A=BCd A=B'" a=DB"Be
a=b+c A=B K=ATCA

Alys = Z Bir1Ci; Dy Agj = Z BikiCijDij

B D
Z i Dk Aij _ZBZJka Data analytics

Ajir = Z szzC’zg A = Z Bwkcj (tensor factorization)
Aix = Z Biikci A = Z Biki1C;
; k
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C = ZMiijlek Py J g
17kl
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17 klmnop
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Quantum Chromodynamics
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Sparsity Is Currently Addressed One-Problem-At-A-Time

Eigen (SpMV)

CSparse
a = Bc

a= Bc+a OSK|
o=Be+b A=B+C azoch——ﬁa/
petse a=BTe A=a4B 4=DB(c+ad)
0= BTctd A=B+C+D A— BC
A—BoC a=bocA=0 A=B® (CD)
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Z BitCijDrj A, — Z Byjxcr
Aiji = ZszlClg A = ZBWCJ
Ajk — ZBZ-jkci i ZB@-M(J@-
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17kl
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17 klmnop

OSKI has 282 specialized variants of this expression
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Sparse Tensor Compiler
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

Q:BC+& a = Bc

a = Bc+b A=B+C a = aBc+ Pba
0 — BT, A=aB a:B(+d)

A =
A=B6oC a=b0c ) A= B@(CD)
A=BCd A=B" a=BTBc

ZszlCljij Ak, —ZBZMC@ ij

zg Z szlcl] Dk:j A@J Z Bzgkck

Aiji = Z BipCj Ak = ZBZJkCJ
L= Z Z(Z 20i5) (> 2bik)
C = Z Mijpj;Mlk J;il :
WZ M; ; Pjj My Pryr My Proo My P

17klmnop
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

a= Bc+ a

a = Bc+b A=B+C a = aBc+ pa

a=B'c A=oBb a = B(c+d)
0= BTe+d A=B+C+D A—=BC
A=BoC a:b@cA:O A=Bo(CD)

A=BCd A=B" a=B"Bc
a=b+c A=B K=ACA

Ay = ZBileljij Ay = ZBz’leljDij
Kl il
Aij = zkl:Bileljij Ay = ZBijkck
k
Aijk — ZBilelj Azk : ZBijij
I J
Aj = ZBijkCi . ZI; o

r= 0 0 2i0u) () ki)
) 7 k
C = Z M ; Pj My, Py
17kl
a — Z MiijkMklleMnmPnoMpO Pip

17klmmnop

SpMV
a = Bc

rmail
cop20k

Sscircult

Mac-eCcon

pwtk

o taco

- MKL

. OSKI

= Eigen

B UBLAS
Gmm++

1111

. . 20
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

rmaill
a= Bc+a
G ben P L ape s SpMVY Copek
a = Blec A=aB a = B(c+ d) a = Bc scircuit
a=DBlc+d A:B;§O+D A= BC
A=BoOC a—boe — mac-econ
A=BCd A=B" a=B"Bc
- owtk
a=b+c A=pB K=ACA
Aij = ZBileljij A = ZBileljDij rmai0
ki il
Az’j — ZBileljij Aij o ZBijka SDDMM CODZOK
A=B®(CD) scircuit

kl .
Aijr = ZBilelj Air, = ZBijij
[ J
Aiji =3 BinCi;
Ajk — ZBURCZ J! ; U= R
0 J k
C = ZMiijlek P
ikl
a4 — Z MijpjkMklleMnmPnoMpo szlp

17 klmmnop

Mmac-econ

owtk

o taco

- MKL

. OSKI

= Eigen

B UBLAS
Gmm++
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2412x
—
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

rmall
a= Bc+ a
B T 6 O ST <o)V \ VAR ey
a = B'ec A=ab a:B(c+d) a = Bec Scircuit
a=DBlc+d A:B;C+D A= BC
— () )
A=BOC a—boe mac-econ
A=BCd A=B" a=DBTBc
owtk

a=b+c A=21 K=A"CA

A,,;j = ZBileljij Akj — ZBileljDij rmall
N ! SDDMM

A = ZBz’jkck cop20k

A=B®(CD) scircuit

k
Aijr = Z B Cl; Aik = Z Bijkc;
Mmac-eCcon

l A= 3 ByC
B o 17l — 1kl kg
Ajk ZBZJkCz 1

owtk

- z; (zj: j j)(zk: L0k ) MTTKRP - cebook

C =Y M;;P; My, Py Aij = ;Biklcljl)’“j NELL-1
k! NELL-2

a — Z MijpjkMklleMnmPnoMpo Pip

1) klmmnop

1111

1
I |

Normalized time

MM-++
SPLATT
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—

24835x
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59496x
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73405x
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—
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319x
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Generated Sparse Code Performance Matches Hand-Optimized Libraries
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

B ¢ D I taco
M Eigen
B UBLAS
©
1
|
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

b ¢ D I taco
® W Eigen
B UBLAS
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This dot product need not be computed 10 inner product a1
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Generated Sparse Code Performance Matches Hand-Optimized Libraries

B ¢ D I taco
S, M Eigen
B UBLAS
© ®

Sampled Dense-Dense Matrix Multiplication

rmaill Bﬁzx

24835x
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Sparsity Beyond Zero Fill Values

O 1 2 3 4 5 06 7

o1 111111010 0] 5|05

tTloe|lo|jo|oc| 1| 1|11

21313310101 0]0]0

3|11 188 ]|8]| 2|2

22



0O0S

coord

vals
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DOS

coord

vals

Fill

0

Compressed Level Format with a
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13|16 | 23

Sparsity Beyond Zero Fill Valu
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Run Length

—ncoding (

2L

-) Level Format

e Extension of the Compressed Format
e |astvalue is the Fill Value
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Performance Advantage In Lossless Compression

Edge Detection % 30
of MRI Image g8 25 -
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> 20 O
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Example: Dot Product Of Two Vectors

c=2ai-bi

= 3.1 24 42 86 59 32 0.7 44 29

8.6 19 94 50 54 12 52 39 8.0

a is a length n vector b is a length n vector

29



Dense Arrays Store Every Value They Represent
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Dense Arrays Store Every Value They Represent

= 3.1 24 4.2 86 59 3.2 0.7 44 29 g

for 1 = 1:n
c += a[1] * b[1]

ais dense b is dense

8.6 19 94 50 54 12 52 39 8.0



Interpret Stored Data Differently

3 4

Sparse Arrays

1

. 1dX;

A1l 3.1 24 /32 44
1 2 3 4 5 6 / 8 9

a is sparse b is dense



Sparse Arrays Interpret Stored Data Differently

1 2 3 4
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Sparse Arrays Interpret Stored Data Differently

1 2 3 4

a.idX: -
A1l 3.1 24 /32 44

\/\/\/

while p < len(a.idx)
i = a.idx[p]

c += a.val[p] * b[1]
p += 1

a is sparse b is dense



Merging Multiple Sparse Requires Coordination

1 2 3 4 5

A1l 3.1 24 /32 44 A1l 19 (50 1.2 5.2 [8.0

1 2 3 4

1 2 3 4 5 6 7/ 3 9

1 2 3 4 5 6 7/ 3 9

a Is sparse b is sparse
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Merging Multiple Sparse Requires Coordination

1 2 3 4 5

A1l 3.1 24 /32 44 A1l 19 (50 1.2 5.2 [8.0

1 2 3 4

1 2 3 4 5 6 7 3 S 1 2 3 4 5 6 7 3 S
NN AT

a Is sparse b is sparse




Merging Multiple Sparse Requires Coordination

1 4 1 5

2 3 2 3 4

1.9 50 1.2 5.2 8.0

7 9 1 2 3 4 5 6 7/ 3 9

1 2 3 il 5 6 3
U 4\/‘\/

i a = a.idx][p]
ib=b.idx[q]
i =min(i_a, i_b)
ifi==1ia84i-==1ib
. = a.val * b.val .
a is sparse s e e ted T Bevatial b is sparse
g+=1ib ==1i 32



Some Sparse Inputs Have Structure

p.Start: . b.StOpZ.
A1l 3.1 24 /32 44 AYZ~Il 50 ‘54 12 5.2

1

1 2 3 4 5 6 7 3 9 2 3 4 5 6 7

3 9

a is sparse b is blocked
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Some Sparse Inputs Have Structure

p.Start: . b.StOpZ.
A1l 3.1 24 /32 44 AYZ~Il 50 ‘54 12 5.2

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
- e e T T e -

a is sparse b is blocked

33




Some Sparse Inputs Have Structure

1 2 3 4
a.idX: Hn
A1l 3.1 24 /32 44

1 2 3 4 5 6 7/ 8 2 3 4 5 6 7/
- e o
\\\,/f 4\\__//‘\\._/}\\_/f \\\~———’/f\\~J/A\\,/A\\,/;

while p < len(a.idx) && g < len(b.idx)

a Is sparse

p.Start: b.StOpZ
AV~ 50 (54 1.2 |52

9 1 3 9

i a = a.idx[p]
i b = b.idx[q]
i =min(i_a, i_b)
if i==1a& 1i==1b
c += a.val[p] * b.val[q] -
b 4= ia we i b is blocked
q+=1b ==1 33



Some Sparse Inputs Have Structure

1 2 3 4
a.1dX: HH p.Start: b.StOP:
Z1ll 3.1 (24 32 44 AV~ 50 (54 1.2 |52

1 2 3 4 5 6 7/ 3 9 1 2 3 4 5 6 7/ 3
U 4 A W

a Is sparse

9

whlle p < len(a.idx) & g < b.stop - b start

i a = a.idx[p]
1 b= b.start + g
i = m1n(1 a, i b)
if 1 ==1a&k 1i==10Db
c += a.val[p] * b. val[q] .
b obm i a - i b is blocked
q+=1b ==1 33



We Can Use Structure

p.Start: . b.StOpZ.
A1l 3.1 24 /32 44 AYZ~Il 50 ‘54 12 5.2

9 1 3 9

1 2 3 4 5 6 7/ 3 2 3 4 5 6 7/

a is sparse b is blocked
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We Can Use Structure
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We Can Use Structure

p.Start: . b.StOpZ.
A1l 3.1 24 /32 44 AYZ~Il 50 ‘54 12 5.2

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
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binary search
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We Can Use Structure

1 2 3 4
a.1dX: HH p.Start: b.StOP:
A1l 3.1 124 32 144 AV~ 50 (54 1.2 |52

1 2 3 4 5 6 7/ 8 9 1 2 3 4 5 6 7 8 S
= 3.1 2.4 nnn 3.2 n 4.4 n ‘ nnn 5.0 5.4 1.2 5.2 nn
N_
Q p = binarysearch(a.idx, b.start)

while p < len(a.idx):
i = a.idx][p]
if 1 > b.stop:
. break :
a is sparse ¢ += a.val[p] * b.val[i - b.start] D IS blocked

p += 1 34

binary search
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Algorithms For All Combinations?

Dense Sparse Blocked

Ragged Run Length

Dense For Loop Gather ? ? ?
Sparse ather Merge ? ? ?
Block ? ? ? ? ? ?
Ragged ? ? ? ? ? ?
Run Length ? ? ? ? ? ?
Symmetric ? ? ? ? ? ?

F. Kjolstad, S. Kamil, S. Chou,
D. Lugato, and S.
Amarasinghe, “The Tensor

Algebra Compiler,”.
35



Dense
Sparse
Block ?
Ragged ?

Run Length ?

Symmetric ?

F. Kjolstad, S. Kamil, S. Chou,

D. Lugato, and S.
Amarasinghe, “The Tensor
Algebra Compiler,”.

Blocked

For Loop____Gather _
.

P, P,
? ?
? ?
? ?

J. Ragan-Kelley, A. Adams, S. Paris, M.
Levoy, S. Amarasinghe, and F. Durand,
“Decoupling algorithms from schedules
for easy optimization of image processing
pipelines,”

Algorithms For All Combinations?

Run Length
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Dense

Algorithms For All Combinations?

Blocked

Sparse
Block ?
Ragged ?

Run Length ?

Symmetric ?

F. Kjolstad, S. Kamil, S. Chou,
D. Lugato, and S.
Amarasinghe, “The Tensor
Algebra Compiler,”.

P, P,
? ?
? ?
? ?

J. Ragan-Kelley, A. Adams, S. Paris, M.
Levoy, S. Amarasinghe, and F. Durand,
“Decoupling algorithms from schedules
for easy optimization of image processing
pipelines,”

CORA

? ?

? ?

? ?

?
?
?
?
?
?

P. Fegade, T. Chen, P. B. Gibbons,
and T. C. Mowry, “The CoRa Tensor
Compiler: Compilation for Ragged

Tensors with Minimal Padding”
35



Dense

Sparse Blocked

Dense For Loop sather

Sparse ather

Block ? ?

Ragged ? ? ?

Run Length ? ? ?
? ?

Symmetric ?

F. Kjolstad, S. Kamil, S. Chou,
D. Lugato, and S.
Amarasinghe, “The Tensor
Algebra Compiler,”.

J. Ragan-Kelley, A. Adams, S. Paris, M.
Levoy, S. Amarasinghe, and F. Durand,
“Decoupling algorithms from schedules
for easy optimization of image processing
pipelines,”

Algorithms For All Combinations?

Ragged Run Length Symmetric

?

? ?

?

?

? ?
? ?
P ?
? ?
? ?

P. Fegade, T. Chen, P. B. Gibbons,
and T. C. Mowry, “The CoRa Tensor
Compiler: Compilation for Ragged
Tensors with Minimal Padding”
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Looplet Language

* A general language to Iterate over structured data
* |terating over complex structured data expressed using a language of a few primitives

* Lookup « Spike « Stepper * Shift
* Run * Pipeline « Jumper « Switch
Pipeline
/ : \
Stepper
A
| Spike Spike Spike Spike |
A A \ \
/ | | | \
Run Scalar Run Scalar Run Scalar Run Scalar Run
A A YXW/ \ A A \ A A

/ | | | || | I \




Looplet Language

* A general language to Iterate over structured data

* |terating over complex structured data expressed using a language of a few primitives
* Lookup « Spike « Stepper * Shift
* Run * Pipeline « Jumper « Switch

» Code generation from the iteration protocols is simple and mechanical

for 1 = l:y.start-1

visit (i, O)
for 1 = y.start:y.stop

visit(i, y.val[i + 1 - start])
for 1 = y.stop + l:end

visit (i, O)

Run —

Pipeline — Lookup —

Run —




Looplet Language

* A general language to Iterate over structured data

* |terating over complex structured data expressed using a language of a few primitives
* Lookup « Spike « Stepper * Shift
* Run * Pipeline « Jumper « Switch

» Code generation from the iteration protocols is simple and mechanical

* Jo coiterate, merge the individual iteration protocols
» Use rewrite rules to simplify



Looplet Language Supports Many Types Of Structured Data

Ragged Matrix Run Length Matrix Symmetric Matrix

( 3.0 2.0 8.6 04 08 89 4.0 2.3 9.8 \ ( ( 0.0 46 3.2 3.3 \

) 4.1 7.3 9.0 8.9 89 0.9 1.6

S 0.0 9.8 3.6

3 4.7 8.2 89 87 3.9 7.0 8.1

20 6.8 0.9 1.1 3.7 5.0 6.5 4.0 2.6

0.9 5.1 59 74 0.1 5.5 0.1

\ 78 99 4.1 1.9 1.4 3.3 3.4 83 4.1 ) \ 1 1 1 1 1 4 ! \ 3.3 3.4 )
P. Fegade, T. Chen, P. B. Gibbons, and T. C. Mowry, “The CoRa Tensor D. Donenfeld, S. Chou, and S. Amarasinghe, “Unified Compilation J. Shi, S. Chou, F. Kjolstad, and S. Amarasinghe, “An Attempt to
Compiler: Compilation for Ragged Tensors with Minimal Padding” for Lossless Compression and Sparse Computing” Generate Code for Symmetric Tensor Computations”

* Unifying what is currently done by multiple compilers
* Hybrid “have-it-all” formats
* Expanding into other types of structures



Dynamic Sparse Tensors

* All formats so far (CSR, COO, DIA, ELLPACK, RLE etc.) are static

« Computing on them can be very fast
« But...Inserting or deleting an element can be (asymptotically) slow
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Dynamic Sparse Tensors

» All formats so far (CSR, COO, DIA, ELLPACK, RLE etc.) are static

 Computing on them can be very fast
« But...inserting or deleting an element can be (asymptotically) slow
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10000
1000
100
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1

1 2 3 4 65 6 7 8 9 10 11 12 13 14 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Execution time (us)

PageRank Computation Insert a Single Element

1.603M to 255M Number of Non-Zeros Stored in the CSR Format




Dynamic Sparse Tensors

* All formats so far (CSR, COO, DIA, ELLPACK, RLE etc.) are static

 Computing on them can be very fast
« But...Inserting or deleting an element can be (asymptotically) slow
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Dynamic Sparse Tensors

* All formats so far (CSR, COO, DIA, ELLPACK, RLE etc.) are static

 Computing on them can be very fast
« But...Inserting or deleting an element can be (asymptotically) slow

 Many real world Applications are dynamic

Dynamic Graph Processing Sparse Neural Network Training
V" > e 4 wo’? " i o’ Distrbuior %g
i ? 1 z 1 Z ] % 1 (L e ¥\
O O O
t=o &, & ts £, O)<g <_g><g
https://blog.twitter.com/engineering/en_us/topics/insights/2021/
temporal-graph-networks K (4) Grow (3) Drop /

41
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Dynamic Sparse Tensors

000000

* Need pointer-based, recursive data structures
* Novel Node Schema Language

« Automatically generate the data structures
» Automatically Generate the code for iteration

0|_=C0A>(1:B>(2:0)

D2 e

o R TR SR P ETR D

-G GEDGRGED

def list {
e : elem nonempty
n : list
seq = {e}, n

by

def list_head {
h : list
by

Linked List



Dynamic Sparse Tensors

000000

* Need pointer-based, recursive data structures
* Novel Node Schema Language

« Automatically generate the data structures
» Automatically Generate the code for iteration

| 6
—>( 0:A > 1:B =>(2:C 0 —> 0:A | 1:B|2:C
—\ 1D =~ 2'E 2| = 1:D|2:E
—>0:F =»(1:G (3 H =4 J 3 —> O:F | 1:G |3 H— 4. J
—> 0K =»(2:L =»(4 M (5N 5 —> 0K | 2.L |4 M—> 5N
list { def blist {
e : e : elem[B] nonempty
n : list n : blist
= {e}, n B : size in [0, 3]
} seq = {e}, n
3
list_head {
h : list def blist_head {
} h : blist
3

Linked List Block Linked List



N:

6

* Need pointer-based, recursive data structures

Dynamic Sparse Tensors

* Novel Node Schema Language

« Automatically generate the data structures
» Automatically Generate the code for iteration

—> 0:A > 1:B > 2:C

>( 1:D (2 E

> 0:F »(1:G »(3:H =>4
—>( 0:K »( 2:L (4. M —=(5 N
list {

n : list
= {e}, n

Linked List

N:

6

—> 0:A|1:B|2:C

—> 1:D | 2:E
—> O0:F | 1:G |3 H—> 4:J

—> O0: K| 2:L 4 M—> 5N

blist {

[B]
n : blist
B : [0, 3]
= {e}, n
¥
blist_head {

h : blist

3

Block Linked List

—> 0: A | 2:C > 1: B

—> 1:D | 2: E
—>

O:F 1 1:G| 4:d —> 3:H

_______________
| | |

O~ ON = o Z

—> 2:L —> 0:K |5 N—> 4: M

def vblist {
e : elem[B] nonempty
n : vblist

def vblist_head {
h : vblist

}

Variable Block Linked List

42
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 Need pointer-based, recursive data structures [alslo] [

Dynamic Sparse Tensors

* Novel Node Schema Language

« Automatically generate the data structures

_______________

» Automatically Generate the code for iteration

—> 0:A > 1:B > 2:C

>( 1:D (2 E

> 0:F »(1:G »(3:H =>4
—>( 0:K »( 2:L (4. M —=(5 N
list {

n : list
= {e}, n

Linked List

N:

6

—> 0:A|1:B|2:C

—> 1:D | 2: E
—> O:F | 1:G|3:H— 4: J

—> O0: K| 2:L 4 M—> 5N

blist {

[B]
n : blist
B : [0, 3]
= {e}, n
¥
blist_head {

h : blist

}

Block Linked List

N:| 6

—> 0:A | 2.C— 1: B

—> 1:D | 2: E
—> O:F | 1:G| 4:d —> 3 H

—> 2. —> 0:K | 5:N—= 4: M

vblist {

[B]
n : vblist
B :
= {e}, n
3
vblist_head {
h : vblist

3

Variable Block Linked List

O

v
0: A Q‘ih’iZ:E “EID' _
; (4:M)[5:N
Giezc]  (1:G)EH
def ctree {
h : elem nonempty
t : elem[N] nonem pty
1l : ct
r : ctree
N : size
seq =1, h, {t}, r
3
def prefix {
e : elem[N] nonem pty
r : ctree
N : size
seq = {e}, r
3

C-Tree 42



* Need pointer-based, recursive data structures

Dynamic Sparse Tensors

* Novel Node Schema Language

N:| 6

—> 0:A > 1:B > 2:C

« Automatically generate the data structures

» Automatically Generate the code for iteration

>( 1:D (2 E

> 0:F »(1:G »(3:H =>4

—>( 0:K »( 2:L (4. M —=(5 N

3

3

list {

n : list

= {e}, n

list_head {
h : list

Linked List

| 6

—> 0:A|1:B|2:C

—> 1:D | 2:E
—> O0:F | 1:G |3 H—> 4:J

—> O0: K| 2:L 4 M—> 5N

blist {
S [B]
n : blist
B : [0, 3]
= {e}, n
}
blist_head {
h : blist

}

Block Linked List

N:| 6

—> 0:A | 2.C— 1: B

—> 1:D | 2: E
—> O:F | 1:G| 4:d —> 3 H

—> 2. —> 0:K | 5:N—= 4: M

vblist {
e [B]
n : vblist
B :
= {e}, n
3

vblist_head {
h : vblist

3

Variable Block Linked List

o 1 2 3 4 5
olA|B|C ; ; |
oo .
>0 |IDlE| |
3l F G H| J
41 .
5 K L M| N
01 2 3 4 5
Nﬂﬁj
0:A|1:B|2:C| [1:D|2:E| NEN | Y |
3
2/¢ \5 oF1Gl | [ad] | | loklzL] | [&nN] | |
0: F
s\ /
def t bt
/O ¢ T ef supertype btree
0: A 1:D)| 2:E 4 4ﬁw 5N def btree_internal : btree {
v %/ : : e : elem[B] nonempty
1:B) 2:C 1:G )8 H c : btree[B] nonempty
cl : btree nonempty
ctree { B : size in [1, 3]
h seq = {c, e}, cl
t [N] }
1 : ctree
r : ctree def btree_leaf : btree {
N : e : elem[B] nonempty
=1, h, {t}, r B : size in [1, 3]
} seq = {e}
_ 3
prefix {
e [N] def btree_root {
r : ctree r : btree
N : }
= {e}, r
}
C-Tree B-Tree 42
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Programming On Continuous Domain Is Difficult!

Spatial Database

1. Storing or Iterating over geometries are non-trivial
= (Quadtree/Octree, Bounding Volume Hierarchy..)

2. 501 Lines of Code in hand-written library (Box search query, C++)



Programming On Continuous Domain Is Difficult!

3D Point Cloud

1. Core kernel(KPConv) can be expressed in a single math equation.

2. 2,330 Lines of Code in PyTorch and C.



Programming On Continuous Domain Is Difficult!

3D Point Cloud

1. Core kernel(KPConv) can be expressed in a single math equation.

2. 2,330 Lines of Code in PyTorch and C.
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* Multi-dimensional

* Rectilinear
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Of points



Arrays Are

* Multi-dimensional

* Rectilinear

Of points



The Continuous Tensor Abstraction:
Fresh Perspective On Tensor And Loops

AL2] for 1 = 0:1

Existing Tensor Abstraction




The Continuous Tensor Abstraction:
Fresh Perspective On Tensor And Loops

A[Z] 0:1

for 1

Existing Tensor Abstraction

Continuous Tensor Abstraction

A[3.1415] for i = ©0.9:1.0

Real-Numbered Index Access For loop on continuous domain



Comparing To Existing Array Programming Model

: #loop iterates discretel
01N ¢ N - N ¢ for 1 = 0:9 '
y[i] 5 6 [ 7 8 s += x[i] * y[i]

01 2 3 4 5 6 7 8 9 end # s = 44

Vector Existing tensor programming
(integer domain)



Comparing To Existing Array Programming Model

- #loop iterates discretely
U ¢ - i B for 1 = 0:9
y[i] 5 6 [ 7 8 s += x[i] * y[i]
0 1 23 456 7 8 9 A @ 8 = Ak

Existing Tensor Abstraction

Continuous Tensor Abstraction

o~

2 3
X[i] @ O O

[ Joo

9) 6 J4
Yyl O o O
1.0 22 3.0 3841 5.1

Pinpoint Coordinates
on Continuous Domain



Comparing To Existing Array Programming Model

X[1]

#loop iterates discretely

for i = 0:9
yli] s += x[i] * y[i]
end # s = 44

Existing Tensor Abstraction

Continuous Tensor Abstraction

1 2 3 4 : :
X[l] ® O O O #loop iterates continuously
.. 5 6 7 8 for 1 = 0.0:9.0
Vil » » O O s += x[i] * y[i]
1.0 22 3.0 3841 5.1 end # s = 44
Pinpoint Coordinates Continuous Dot-Product

on Continuous Domain



Comparing To Existing Array Programming Model

X[i] #loop iterates discretely
for i = 0:9

yli] s += x[i] * y[i]
end # s = 44

Existing Tensor Abstraction

Continuous Tensor Abstraction

1 2 3 4 : :
X[l] ® O O O #loop iterates continuously
.. 5 6 7 8 for 1 = 0.0:9.0
Vil » » O O s += x[i] * y[i]
1.0 22 3.0 3841 5.1 end # s = 44
Pinpoint Coordinates Continuous Dot-Product

on Continuous Domain

1 2
X1l @ 0] @ O
yli > o
1 2.2 3 3.84.1 5.1

Interval Coordinates
on Continuous Domain



Comparing To Existing Array Programming Model

X[i] #loop iterates discretely
for i = 0:9

yli] s += x[i] * y[i]
end # s = 44

Existing Tensor Abstraction

Continuous Tensor Abstraction

1 2 3 4 : :
X[l] ® O O O #loop iterates continuously
5 6 7 8 for 1 = 0.0:9.0
Vil » » O O s += x[i] * y[i]
1.0 22 3.0 3841 5.1 end # s = 44
Pinpoint Coordinates Continuous Dot-Product
on Continuous Domain
.. 1 2 #loop iterates continuously
xile ° ° * for i = 0.0:9.0
y[i ® 3 ® s += x[1] * y[i] * d(1)
end # s = 2.4
1 2.2 3 3.8 4.1 5.1
9.0
Interval Coordinates G- j Xy * di

on Continuous Domain o



Motivational Example : Radius Search In Gis
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Radius Search : Get the number of points within the distance R.



Motivational Example : Radius Search In Gis

2D Continuous Tensor A

count = 0 :
for dx=-1.7:1.7 # continuous O
for dy=-1.7:1.7 # continuous
1f dx*dx+tdyxdy <= 1.7%1.7
count += A[2.2+dx,3.9+dy]
# count = 3
1
C

0.5 1.6 2.2 3.1 4.2



Motivational Example : Radius Search In Gis

2D Continuous Tensor A

count = 0 :
for dx=-1.7:1.7 # continuous O
for dy=-1.7:1.7 # continuous
1f dx*dx+tdyxdy <= 1.7%1.7
count += A[2.2+dx,3.9+dy]
# count = 3
1
C

0.5 1.6 2.2 3.1 4.2



Research Questions

. 1 2
e — = = =
i} : " ° RQ1.How can we store infinitely many
ylI] ——o _ coordinates in continuous tensor?
1 2.2 3 3.8 4.1 5.1

#loop iterates continuously

for i = 0.0:9.0 RQ2. How can we iterate infinitely many
end ooy YR A indices in continuous loop?




Piecewise-Constant Property

All Continuous Tensors must satisfy a piecewise-constant property



Piecewise-Constant Property

All Continuous Tensors must satisfy a piecewise-constant property

.1 2 3 4 1 2
] @ O O O X[i] @ o O O f(x) = cos(x)
5 6 7 8 3
O @) O O Yil) ® ® ( ) X
1.0 22 30 3.84.1 5.1 1 22 3 3841 5.1 s\X) = ¢

Plecewise-constant Not Plecewise-constant



Case Studies

Applications Baseline | Ours LoC Saving ‘ Perf Speedup
Radius Search Query 501 lines | 5 lines

Point Cloud Convolution 2.330 lines | 16 lines

Trilinear Interpolation in NeRF 82 lines 9 lines

Genomic Interval Overlapping Query | 206 lines | 8 lines

Code Fast Run Fast



Case Study : Neural Radiance Field
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Case Study : Nerf

- (Ox,0y)

(DX,D\D
for t=0:T-1 # sampling on discrete timestep
X = 0x + Dxxt # O : ray origin, D : ray direction
y = Oy + Dyx*t
z = 0z + Dz*t
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Case Study : Nerf

1 1
f.fGﬂﬂﬁ+Ly+ﬂ-ﬂ-W
0o Jo

for t=0:T-1 # sampling on discrete timestep
X = 0x + Dx*t # O : ray origin, D : ray direction
y = Oy + Dy*t
z = 0z + Dzxt
for 1=0.0:1.0 # continuous

for j=0.0:1.0 # continuous

for k=0.0:1.0 # continuous

Out[t ] += Grid[x+i,y+j,z+k ]*d(i)*d(j)*d(k)

Compute interpolation
on every sampled point in ray
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Case Study : NeRF

1 1
f.[Gﬂﬂy+Ly+ﬂ-ﬁ-W
0o Jo

for t=0:T-1 # sampling on discrete timestep
X = 0x + Dx*t # O : ray origin, D : ray direction
y = Oy + Dy*t
z = 0z + Dzxt
for 1=0.0:1.0 # continuous

for j=0.0:1.0 # continuous

for k=0.0:1.0 # continuous
for c=0:27 # interpolating 28 discrete features
Out[t,c] += Grid[x+i,y+j,z+k,c]*xd(1)*d(j)*d(k)

9Lines vs. 82Lines (PyTorch)
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Case Study : Nerf

(Ox,0y)

1 1
f.[Gﬁﬂx+Ly+ﬂ-ﬂ-W
o Jo

for t=0:T-1 # sampling on discrete timestep
X = 0x + Dx*t # O : ray origin, D : ray direction
y = Oy + Dy=t
z = 0z + Dzxt
for 1=0.0:1.0 # continuous

for j=0.0:1.0 # continuous

for k=0.0:1.0 # continuous
for c=0:27 # interpolating 28 discrete features
Out[t,c] += Grid[x+i,y+j,z+k,c]*xd(1)*d(j)*d(k)

9Lines vs. 82Lines (PyTorch)

—

Elapsed Time (s)

100

~
)

o)
o

N
&)

® PyTorch M Finch (ours)

Single threaded CPU
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Hardware For Sparsity

* Most sparse data never gets used in the computation (eg: SpMSpV)
e But they all travel through most of the pipeline
* Opportunities for near-memory filtering

» Structured formats have a lot of exploitable patterns

 But machines don’t understand the formats, everything is just bits
* Nvidia Ampere understands a single sparse format

* Opportunities to compress storage and simple near-memory operations

* Compound operations have huge benefits (eg: SDDMM)
* Doing simple binary operations (mem - op - mem) can be asymptotically bad
* Opportunities for doing custom compound operations

* Sparse-aware hardware can have a high impact



Hardware For Sparsity

Algorithm Name Authors Format Dataflow Platform
MergeSpMV CMU CSR Tiled Rowmajor FPGA / ASIC
SPMY FPGASpMV Univ.Florida / Microsoft CSR Variant Rowmajor FPGA
SIGMA Georgia Tech, Intel Bitmap Inner product ASIC
SpMSpM OuterSPACE Michigan, Arizona state (CSC,CSR) Outer product ASIC
GAMMA MIT (CSR,CSR) Rowmajor (Gustavson) |ASIC
SpMM NVIDIA Sparse Tensor Core |Nvidia Structured CSR |7 GPU
SCNN Nvidia, MIT, Berkeley, Stanford | CSF Input Stationary ASIC
Sparse Convolution
FPGASpConv Zhejiang University, USC Tiled CSF Tiled Output Stationary |FPGA
Sparse Transformer |Sanger Peking University Blocked CSR Fused ASIC
AVX512 VP2INTERSECT Intel Bitmap ? CPU
Intersection SSE4.2 Intel Compressed ? CPU
ExTensor UIUC, Nvidia Various Formats |Tiled Innerproduct ASIC
Einsum (Compiled) |SAM Stanford, MIT Various Formats |Various Dataflows ASIC

67
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Sparse Array Programming in the Python Ecosystem

Estimated User Base

6-15 million

10-25 million




Sparse Array Programming in the Python Ecosystem

Estimated User Base

6-15 million

10-25 million




Speeding up Sparse Array Programming in the Python Ecosystem

in## PyData/Sparse

L]
)
L]
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Speeding up Sparse Array Programming in the Python Ecosystem

s \U
B

U

xor (A,B) right shift (A, B)
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Conclusion

* Array Abstraction is:
* Simple
* |n most imperative languages
* Highest performance
* Familiar to most programmers
* Used a lot (and in almost all high-performance code)

 Expanding from a
Multi-dimensional, Rectilinear, Dense, Integer grid of points to
Multi-dimensional, Rectilinear, grid of points
Increases the application domain for array programming

* Need compiler support
* To provide the simple array abstraction while maintaining high performance



|||||- Commit Group

» Current & recent projects

* Finch: A DSL for structured data

* TACO: A DSL for sparse tensor algebra

* Netblocks: A DSL Custom Network Protocols

* SEQ: A DSL for bio informatics

* Graphlt: A DSL for graph analysts

 Buildlt: A Multistage programming framework in C++

» ColLa: A DSL for data compression

« Simlt: A DSL for sparse systems

* MILK: A DSL for Optimizing indirect memory references

* Cimple: A DSL for Instruction and Memory Level Parallelism
» Codon: A Pythonic DSL framework

* Tiramisu: A polyhedral compiler for data parallel algorithms

* [themal: Performance prediction using machine learning

* VeGen: Generating Vectorizers for vector instructions beyond SIMD
* Vemal: Vectorization using machine learning

* g0SLP & Revec: Modernizing vectorization technology
* OpenTuner: An extensible framework for program autotuning



Thank You

http://tensor-compiler.org/ This Work Supported By:




